1* Preliminaries* In this section we state the definition of a Liapunov function and establish a theorem which will be used in the next section. We shall consider the second order differential equation: (1) tf '= f(t 9 
x, of) ,
where / is a real-valued function defined and continuous on [α, b] x i? 2 . It will be assumed that initial value problems associated with (1) exist, are unique, and that solutions are defined throughout [α, b] . In particular we shall be concerned with the uniqueness of solutions to (1) satisfying (2) x{t t ) = y 1 x(t 2 ) = y 2 where a ^ t λ < t 2 ^ b and y lf y 2 € R. If x o (t) is any solution of (1) satisfying (2) for some points t lf and t 2 , then by setting x{t) = y(t) + x o (t) we obtain ( 
3) y'(t) = F(t, y(t), y\t)) , where F(t, y(t), y\t)) = f(t, y(t) + x Q (t), y\t) + x[{t)) -f(t, x ύ (t), a?ί(ί)).
325 326 DENNIS BARR AND PETER MILETTA Thus equation (1) has a unique solution satisfying (2) if and only if y(t) = 0 is the only solution of (3) such that y{t^) = y(t 2 ) = 0. Thus we shall restrict our attention to the differential equation
where F(t, 0, 0) = 0 and the boundary conditions (5) aft) = s(ίa) = 0 .
The principal tool employed in this paper will be Liapunov functions.
DEFINITION. A Liapunov function for (4) is a real valued function V defined on D = [a, b] x S where S is a closed subset of R 2 and (0, 0) e S, such that (6) V(t,0,x 2 ) = 0
is nondecreasing along solution curves of (4) By condition (8) we shall mean that if x(t) is a solution of (4),
If V is a real valued function satisfying (6) and (7), then the following theorem provides a sufficient condition for V to be a Liapunov function. THEOREM Proof. Yoshizawa [6] .
The following theorem gives a sufficient condition for the uniqueness of solutions of (4) Proof. Employing a stronger definition of a Liapunov function George and Sutton [2] have given a proof of this theorem. We include a proof for referral at a later time. Suppose y(t) is a nonzero solution of (4) Thus V(t 0 , y(t 0 ), y\Q) > 0. However y(t 2 ) = 0 implies that F(£ 2 , 2/(£ 2 ), 2/'(ί 2 )) = 0. This is a contradiction to the assumption that V(t, x lf x 2 ) is nondecreasing along the solution curves of (4) .
Two known conditions insuring the uniqueness of solutions of (4) satisfying (5) are consequences of Theorem 2. Hartman [3, page 433] (4) then x(t) = 0 is the only solution of (4) satisfying (5). It was noted by George and Sutton that V(t, x lf x 2 ) = {xtf satisfied their definition of a Liapunov function and therefore by Theorem 2 the result of Hartman follows. The same choice for V(t, x lf x 2 ) will satisfy our definition. It is also well known that if F(t, x l9 x 2 ) is continuous and strictly increasing in x x for fixed (t, x 2 ) then x(t) = 0 is the only solution of (4) satisfying (5). This result also follows from Theorem 2 by choosing
Ja 2* Necessary and sufficient condition* In this section we will further restrict our attention to the boundary value problem (9) tf'
where F(t 9 0, 0) = 0 and a < Ύ ^ b. Thus we shall fix t γ = a. We now proceed to derive a necessary and sufficient condition for the uniqueness of solutions of (9) satisfying (10). 
Proof. If there exists a solution to (9) satisfying the above conditions then for some ilf>0, x(t)e Xff 0>aJ) . For this M, or any larger M, the above infimum will be zero. Conversely suppose the above infimum is zero for some M> 0. Let {x k {t)} be a sequence of functions in X*^a,p) such that (12) lim
Letting
where iζ^ = max (tjIlil2 , eDl | F(ί, x lf x 2 ) \. Also Therefore, there exists a uniformly convergent subsequence of {z'k{t)} which we shall again denote by {z k (t)}. In a similar manner the sequence of functions {z k (t)} can easily be shown to be equicontinuous and uniformly bounded. Thus we again obtain a subsequence which we denote by {z k (t)}, such that {z k (t)} and {z k (t)} converge uniformly on [α, b] . Denote the limit function by z(t).
Since z k (a) = 0 for all k, we have that z(a) = 0. Also y k (t) converges to 0 uniformly on [α, b] implies that x k (t) converges uniformly to z{t) and x k (t) converges uniformly to z\t) on [α, b] .
Thus z(b) = 0, z(t 0 ) = α, «'(*o) = /5, and «"(ί) = F{t, z{t\ z'{t)) .
Thus z(t) is a solution with the desired properties.
For each M > 0 we define a real valued function V M with domain D^ by Proof. V M clearly satisfies (14). Suppose x^Q and V M (t, x ί9 x 2 ) = 0. Then by Lemma 1 there exists a solution x(t) of (9) such that x(a) = cc(6) = 0 and #(£) = x ιm This contradicts the uniqueness assumption. Thus V M satisfies condition (15). Let x(t) be a solution of (9) such that (ί, a?(ί), ^e^ for all te [a, b] and α?(α) = 0. Let a ^t t < t 2^b .
If ί t = a or ί 2 = b then it follows trivially from the uniqueness of solutions of (9) satisfying (10), the uniqueness of initial value problems associated with (9), and properties (14) and (15) 
that V M (t l9 x{t,\ x\t t )) ^ V M (t 2 , x(t 2 ), x'(t 2 )).
Thus assume that a < tί < t z < b. Again from uniqueness of solutions of (9) satisfying (10) it follows that x(tj Φ 0 and x(t 2 ) Φ 0. For each y(t) e the function
\v(t) t,
is again an element of Xff 1>xUl)>x > ίh ))-Therefore
and in a similar manner
Let {x k (t)} be a sequence in X? hfX{h)yX , {H)) such that 
Thus F* satisfies (16).
On the other hand if there exists a family of subsets [a, b] 
2 such that every solution x(t) of (9) (14), (15), and (16), then the only solution of (9) satisfying (10) for any 7β (a, b] is identically zero on [a, b] . The proof of this is exactly the same as the proof of Theorem 2. Note that condition (16) The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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